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ASSESSMENT OF THE INSURANCE COMPANY WITH LAPLACE TRANSFORM

Abstract. A model of assessment of the solvency of the insurance company is designed in the pa-
per. For a wide class of tasks it is shown that obtaining an analytical expression for the function of
payment magnitude distribution is possible only with the use of numerical methods, including algorithm
due to Dufresne and Gerber. It is indicated that if the value of payments has an exponential distribu-
tion, there is a possibility of obtaining an analytic solution of the problem by means of inverse Laplace
transforms. The probability of stable operation of the insurance company is discovered, as well as a
graphical representation of the results depending on the distribution parameters is achieved.
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OLIHKA POBOTU CTPAXOBOI KOMIMAHII 3A 4OMOMOI OO NEPETBOPEHHSA NAMJACA

AHomauis. [TobydosaHo MoOerib OUIHKU M71amocrpoMOXHOCMI cmpaxoeoi KomnaHii. s wupoko-
20 Kracy 3aday rioka3aHo, W0 OmpuMaHHsI aHalimu4Hoeo eupa3sy 055 (hyHKUii po3nodiny eenuvyuHu
guriam MOX/uge mifibKU 3 8UKOPUCMAaHHAM HYuUcerlbHUX Memodise, eKroYaroyu amnzopummu Logpec-
He ma [epbepa. lNokazaHo, w0 y sunadKy, Ko/uU eefluduHa eursam Mae eKCroHeHYitUHUU po3rnoodis,
MOXJ/IU8e OMpPUMaHHSI aHallimu4Ho20 P0o38’a3Ky rnocmaesseHoi 3adadi 3a 00rIoMO20K epemeopPeHHS
Jlannaca. 3HatideHo limosipHicmb cmabinbHoi pobomu cmpaxoeoi KoMnaHil, a makox ompumaHO
epacghiuHe npedcmasrieHHs1 pesybmamis y 3anexHocmi 6id napamempig po3nodiny.

Knroyoei cnoea: cmpaxygaHHsi, eKCrOHeHYilUHUU po3nodin; iMogipHicmb; nepemeopeHHs Jlanna-
ca.

M. E. FOpuyeHko, K. .-M. H., AOLIEHT,
A. 10. lOpuyeHKo-TUTapeHKo, CTyaeHT

OLIEHKA PABOTbI CTPAXOBOW KOMMAHWU NMPU NMOMOLLU OBPATHOIO
NMPEOBPA3OBAHUA NANNACA

AHHOomauyus. lNocmpoeHa molernib OUEHKU riamexecrnocobHocmu cmpaxoeol KommnaHuu. [ns
WUpPOKO20 Knacca 3aday rokasaHoO, Ymo rosflydeHUe aHariumu4yecKkoz20 6bIpaxkeHusi O0ns hyHKyuU
pacripedesnieHuUs1 8e/1UYUHbI 8bIfflam 803MOXHO MOJSIbKO C UCMOMb308aHUEM YUC/IEHHbIX Memodos,
eknovyas anzopummsl [JogppecHe u epbepa. NokaszaHO, Ymo 8 criydae, ecriu 8esluduHa ebiriaam
umeem 3KCrOHeHyuUanbHoe pacripedesieHue, 803MOXHO MMOJlyYeHUe aHasumu4yecKoa2o peweHus no-
cmaerneHHol 3adadyu npu rnomouwu obpamHeix rnpeobpasosaHull Jlannaca. HalideHa eeposimHocmb
cmaburnbHol pabombl cmpaxoeoll KOMaHUU, @ makxe rosly4eHo epaguyeckoe rpedcmasrieHue pe-
3ynbmamos 8 3a8ucuMocmu om rnapamempos pacrpeoesieHusl.

Knroyeeblie croea: cmpaxosaHue; 3KCMOHeHYuUanbHoe pacripedesieHue; 8eposimHOCmb; npeob-
pasosaHue Jlannaca.

Urgency of the research. Financial stability of the insurance sector is an important condition for a
stable macro-economic development and welfare of society as a whole.

The ability of the insurance company to meet its obligations under various adverse changes in
market conditions, that is, to be financially sustainable is important to maintain the efficiency of the
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entire chain of economic relations in the society. On account of the problem of financial stability of in-
surance companies on the Ukrainian market has become particularly relevant today. The perfection of
methods for evaluating the risks of the insurance company and the correct formation of the insurance
premium largely determines its level of competitiveness. Thus, the justification of administrative deci-
sions in the insurance companies plays special role simulation models, which are based on probabilis-
tic and statistical methods. At the same time as a measure of insurance risk the probability of bank-
ruptcy of the company is accepted. The study of the insurance activities on probabilistic and statistical
models allows performing the calculation of indicators such as the size of the insurance premium,
bankruptcy probability under various scenarios of occurrence of insurance cases, the value of the in-
surance reserve, which ultimately enables developing the optimal management of the insurance com-
pany.

Target setting. When considering the minimization of risks in insurance it is necessary to develop
an efficient and simple probabilistic assessment method based on the achieving the analytical solution
of the problem.

Actual scientific researches and issues analysis. Questions regarding the search of new ap-
proaches to the maintenance of financial stability of insurance companies and risk management has
been covered in the scientific papers of recent years. It should be noted that at the moment there are
two classic risk models of insurance companies: the model of individual risk (static) and the collective
risk model (dynamic). As shown by A. N. Shiriaiev [1], in the framework of models of the first type the
problem solving is limited to the calculation of the probability of exceeding the level of the sum of all
payments for all claims of the insurance portfolio. The author suggests a mechanism for the iterative
calculation for the bankruptcy probability for the model of Ya Gambosh. In contrast to the first type of
models, the second model types are not comprehensively explored. The most interesting results in
the framework of dynamic models are obtained by the authors from following references: [2; 3; 4], and
the authors from [5; 6] use different methods of asymptotic theory, stochastic processes and queuing
theory to solve the set tasks.

Uninvestigated parts of general matters defining. Obtaining the analytical solutions of dynamic
problems and justification of its use for the evaluation of the insurance company's risk is complicated,
from a mathematical point of view, and the correct formulation of which is quite difficult. For this rea-
son, according to the actual scientific researches and issues, in modern actuarial mathematics there is
no universal method for its determination.

The research objective. The objective of the paper is to develop an effective and simple method
to produce a probabilistic assessment of the risk of the insurance company based on a study of the
analytical model using mathematical tools of complex analysis.

The statement of basic materials. It is known that one of the basic mathematical models of risk
theory is a classical insurance model of Lundberg - Cramer [1]. This model enables to analyze the
bankruptcy and to determine the probability of the insurance company performing its obligations under
insurance contracts in time, that is, at the moment of insurance cases where the u is an initial capital,
with - the intensity of contributions, 8_k - sequence of independent identically distributed random vari-
ables that characterize the size of payments to the mathematical expectation m and the distribution
function

Let the number of payments over a time interval (0, t) is a Poisson process

N, = ZI(Tk <), (2)

k
where I (T, <t) the number of claims that are made of the insurance company in times T
I (T, <t) can take the values 0 or 1. The times of receipt of requirements for payment (T, —
T )rs1 are independent random variables and have an exponential distribution law with parameter A

1—e ™, t>0
P(Thy1 =T <t) = o=
R
By designating R, a capital of the insurance company at time t, we obtain

MR; =u+ (c — Am)t

(3)
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Taking into account the load factor y = ﬁ — 1 expression for the rate of premium income will be as

follows:
c=0+y)im
Considering the total probability formula and properties of ordinary Poisson process for the function
(4), we obtain the corresponding integral-differential equation

AD(w) = cP'(w)A + f D(w —x)f(x)dx, (5
0
where f(x) = F'(x) corresponds to the the density distribution of the value of payments. A number
of authors [2, 3] state that if the payout values possess the arbitrary distribution law it is difficult to ob-
tain an analytical expression for ®(w). In this case, the solution is found numerically using Dufresne

algorithm [1]. We show further that for some types of distribution F (w) still it is quite possible to obtain
an analytical solution. Employing the Laplace transform with the equation (5), we obtain

A0 (W) = c(pyp () — ©(0)) + W (P)Y (), (6)

where

P(@) = L(®)) = f O(w)e " do,
0

Y(p) =L(f(x)) = J f(x)e P*dx

0
Taking into account the convolution theorem, we get

YY) = 1| [ (0@ -xre) | dx
0

Expressing from (6) ¥(p), we obtain

(=c®(0)
(A=cB =AY (p))

Y(p) =

Applying the inverse Laplace transform, we receive up to a constant factor

i=R¢p

1 )
P (w) = —c®(0) 57— J (A—cp —2¥(p))eP*dw (7)
—i=Rcp
where the (i)? = —1 is an imaginary unit.
We also note that, in practice, cannot restore the original can be restored without using the expres-
sion (7).

The practical application of the results. The proposed method will be illustrated for the exponen-
tial distribution case, where the distribution density has the following form:

1 .1,
f(x)={Ee Fox>0 (8)

0, x<0

In this case, the equation (5) is as follows:
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w
1 1
W(w) = cd'(w) + Af O(w — x)Ee B dx
0
Using the above procedure, we obtain

2 1
() = c(pp(p) — ©(0)) + Ew(p) —

vY+p
where the
Y(p) = o(0) [ 2+ —2
i vy -(E-D)
c p
1 pi
_ B _ c
“TTI_1 %7771
c p c B

Applying the method of inverse Laplace transform, we get up to a constant factor

) = 2 (— % ; %e(%‘%)X)

C

Given the fact that for the Laplace function (o) = 1, we get a formula for the assessment of in-
surance company's paying capacity, depending on y, w, 8:

B (&_l)x 1 yx
[} =1——e\¢c B/ =1 — a+y)m
(w) o€ Tty e 9

the analysis of the relation (9) implies that ®(w) depends on the initial capital w, the load factor y
and the parameter g that is included in the exponential distribution law.

If m=p=0,78, 1 = 4 million USD. The Fig. 1 demonstrates the dependence of ®(w) for 0 < x <
20 (months). As seen in Figure 1, the probability of non-bankruptcy 0.9 at a specified set of parame-
ters is achieved in 20 months of operation of the insurance company. This demonstrates the rationality
of optimization of investment options at the initial stage. In particular, one of the methods to maximize
the probability of non-bankruptcy is to diversify investments.

T
o 5 10 15 20

x

Fig. 1 Dependence of insurance company solvency on distribution parameters
Conclusions. The evaluation of the probability of non-bankruptcy of the insurance company with
an initial capital w is found in the assumption that the number of payments over a time interval (0,t) is
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presented as a Poisson distribution law. An analytical condition for the assessment of the company's
solvency is achieved by employing the tools of complex analysis. It is shown that in the case of an ar-
bitrary value of payments distribution law to obtain an analytical expression for ®(w) is possible with
the use of a classical inequality of Cramer - Lundberg. A graphical interpretation of the results is pre-
sented.
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